The group theoretical methods worked out by Bargmann, Mackey and Wigner, which deductively establish the Quantum Theory of a free particle for which Galileian transformations form a symmetry group, are extended to the case of an interacting particle. In doing so, the obstacles caused by loss of symmetry are overcome. In this approach, specific forms of the wave equation of an interacting particle, including the equation derived from the minimal coupling principle, are implied by particular firstorder invariance properties that characterize the interaction with respect to specific subgroups of Galileian transformations; moreover, the possibility of yet unknown forms of the wave equation is left open.
Introduction
In Quantum Theory, a complex and separable Hilbert space H can be associated to the physical system under investigation, in such a way that the self-adjoint operators of H represent the quantum observables of the system and the density operators represent quantum states [1] . The formulation of the effective Quantum Theory of a specific system requires two tasks: to explicitly identify the self-adjoint operator of H representing each relevant observable of the system, and secondly to specify the dynamical law.
Canonical quantization is a primary method for accomplishing these tasks; it obtains the Quantum Theory of a particle, for instance, 'quantizing' the position coordinates and their conjugate momenta, q j , p j as operators Q j , P j and then replacing q j and p j with Q j and P j in the Poisson brackets, transformed into commutation brackets, of the equations of the classical theory of that particle [2] .
This method has played a decisive role for the development of the Quantum Theories of specific systems. However, it has intrinsic limits, as explained for instance in [3, 4] . Indeed, canonical quantization can be implemented only if the observables to be 'quantized' already exist in a classical form; this is not always the case, as in the case of spin observables. Another problem, of an epistemological nature, is that while Quantum Theory aims to be more fundamental than the Classical Theory, canonical quantization is based on the latter [3] .
There are, however, group theoretical methods that do not suffer from these shortcomings. In fact, they attain a formulation of the Quantum Theory of a free particle through a purely deductive development based on symmetry principles. Put simply, these approaches proceed according to the following scheme. First, they enforce the condition that Galilei's group G (or Poincaré's group P, for a relativistic theory) is a group of symmetry transformations for an isolated particle, so that Wigner's theorem [5, 6] on the representation of symmetries implies the existence of a projective representation of that group. Then, since the position observables (Q 1 , Q 2 , Q 3 ) = Q determine the existence of an imprimitivity system with respect to the restriction of the projective representation to the Euclidean group, Mackey's imprimitivity theory [7, 8] can be applied to derive the explicit Quantum Theory of a free particle [9] . In this way, the drawbacks of canonical quantization are obviated. For instance, the spin observables, having no classical analogue, are correctly predicted by the approach [10, 11] ; no pre-existing classical theory is required.
This state of affairs makes it worthwhile to extend the group theoretical methods to develop an analogous approach to the Quantum Theory of more general physical systems than the free particle.
A line of research, effectively reviewed in [4] , is devoted to generalizing the quantization via Mackey's imprimitivity theorem to the case of configuration manifolds M with topologies different from the trivial topology of R n ; the physical interest of this line of research is also driven by the fact that non-trivial topologies are related to new non-classical effects, such as Dirac's magnetic monopole [12] and the Aharanov-Bohm effect [13] . To this end, a notion of quantum Borel kinematics has been introduced, investigated and classified, that generalizes the imprimitivity systems of Mackey [4, [14] [15] [16] [17] [18] in this direction. A weakening of the notion of quantum Borel kinematics leads to the notion of generalized imprimitity systems that allows for the description of particle in external gauge fields, as for instance magnetic fields [4] .
In this work, we specifically address the problem of the development of a group theoretical approach to the Quantum Theory of an interacting particle. In fact, the extension of the group theoretical methods, so satisfactory for a free particle, to an interacting particle encounters serious problems; the main obstacle is the fact that for a non-isolated system the Galileian transformations, or Poincaré's transformations in the relativistic case, do not form a group of symmetry transformations [19] , so that neither Wigner's theorem nor Mackey's imprimitivity theorem can apply directly. One very special case was treated by Hoogland [20] , who derived the wave equation of a spin-0 charged particle subjected to an interaction having the particular feature of leaving unaltered the symmetry condition of a rich subgroup of the whole transformations group. We shall discuss this work in remark 4.3.
In fact, in the literature several general approaches extend the group theoretical methods to the case of interacting particles. However, many of these proposals [9, 19, [21] [22] [23] , in order to overcome the difficulty raised by the loss of symmetry, have to introduce certain assumptions; yet, as we argue in §2d, these assumptions lead to an empirically inadequate theory, unable, in particular, to describe particles interacting with electromagnetic fields.
We show how a group theoretical approach to the Quantum Theory of an interacting particle can be successfully pursued without introducing assumptions such as those required in [9, 19, [21] [22] [23] , which restrict the empirical domain of the theory too drastically. In fact, our approach derives the known non-relativistic wave equations, and opens up the possibility of yet unknown equations. The approach applies for interactions which leave the R 3 topology of the localization space of the particle unaltered; hence, we do not make use of generalized imprimitivity systems [4] .
Let us now describe how the article is organized. First, we find preliminary results which hold both for a non-relativistic and for a relativistic theory, i.e. independently of whatever group, Υ = G or Υ = P, is taken into account. The basic concept (QT) of quantum transformation corresponding to a space-time transformation g ∈ Υ , which is viable also in the absence of the condition of symmetry, is introduced in §2b as a transformation S Σ g defined on the whole set of quantum observables. Three conditions (S.1), (S.2) and (S.3) required for this notion of quantum transformation are identified in § §2b and 3a, where we show that they, together with a continuity condition for g → S Σ g , imply that every transformation g ∈ Υ can be assigned a unitary operator U g that realizes the quantum transformation of a quantum observable
g , even if g is not a symmetry; moreover, the correspondence g → U g is proved to be a continuous mapping.
However, there is another obstacle: the properties (S.1), (S.2) and (S.3) are insufficient to imply that g → U g is a projective representation, which is one of the conditions required for the imprimitivity theorem to apply.
To address this problem in §3c we introduce the notion of σ -conversion, which is a straight mathematical procedure that converts each U g into another unitary operatorÛ g in such a way that g →Û g is a projective representation. In the non-relativistic case, we prove that the imprimitivity theorem for the Euclidean group E-not for the whole Galileian group G-can be applied to identify a mathematical formalism of the theory explicitly; but in general the position operators are not explicitly identified, so that the identified formalism turns out to be devoid of physical significance.
In order to arrive at an effective theory it is necessary to determine which operators represent position and to determine the dynamical law. In §3d, we show how the operators that physically represent the position of the particle are explicitly represented for a particular class of interactions, fully characterized by admitting 'Q-covariant' σ -conversions, i.e. σ -conversions that leave the covariance properties of the position with respect to G unaltered. For this class of interactions, the general dynamical law is determined in §3e.
This law does not specify the explicit form of the Hamiltonian operator H; in fact, different specific forms of the wave equation are compatible with it. So we face the problem of singling out conditions related to the interaction, which determine the different wave equations.
In §4, we identify these conditions as invariance properties related to the interaction. More precisely, we single out the specific forms the wave equation takes if the σ -conversion admitted by the interaction leaves unaltered, at the first order, the covariance properties of Q (t) (i.e. of position at time t) with respect to specific subgroups of G. If this subgroup is the subgroup of boosts, then in the spin-0 case the wave equation turns out to coincide with the equation obtained by canonical quantization, or by means of the minimal electromagnetic coupling principle, that is to say by replacing, in the free particle
. By taking into account other subgroups, the known wave equations are recovered, and also yet unknown ones could be derived.
In the final §4d, the relation of the present approach with other methods for quantizing the interaction are briefly discussed, and apparent conflicts with some results of the approach reviewed in [4] are clarified.
Space-time and quantum transformations
In this section, we establish the basic concepts and express them in the quantum formalism. In §2a, the necessary mathematics is outlined. In §2b, we introduce a concept of quantum transformation, corresponding to Galilei's or Poincaré's transformations, that is viable also in the case where the system is interacting, i.e. when the transformations are not symmetries. A general property (S.1) of these quantum transformations, entailed in their very meaning, is identified. The presence of the symmetry condition of the transformations implies more marked properties; they are established in §2c, where we outline how these further properties can be used to obtain the explicit Quantum Theory of a free particle by mathematically deducing it from the principles of symmetry. This outline allows us to identify, in § §2d, the obstacles raised by the loss of the symmetry condition to a similar deduction in the case of an interacting particle.
(a) Mathematical tools
Let us begin with the notation for the mathematical structures involved in the work. The Quantum Theory of a physical system, formulated in a complex and separable Hilbert space H, needs the following mathematical structures. In the group theoretical approach, a key role is played by the imprimitivity theorem of Mackey, which classifies representations of imprimitivity systems relative to projective representations [8] .
The following definition recalls the notion of projective representation. Definition 2.1. Let G be a separable, locally compact group with identity element e. A correspondence U : G → U (H), g → U g , with U e = 1, is a projective representation of G if the following conditions hold.
A projective representation with multiplier σ is also called σ -representation.
A projective representation is said to be continuous if for any fixed ψ ∈ H the mapping g → U g ψ from G to H is continuous with respect to g.
Let E be the Euclidean group, i.e. the semi-direct product E = R 3 s SO(3) between the group of spatial translations R 3 and the group of spatial proper rotations SO(3); each transformation g ∈ E bi-univocally corresponds to the pair (a, R) ∈ R 3 × SO(3) such that R −1 x − R −1 a ≡ g(x) is the result of the passive transformation of the spatial point x = (x 1 , x 2 , x 3 ) by g. The general imprimitivity theorem is an advanced mathematical result [8] with valuable generalization (see [4, 24] and reference therein); in this article we shall make use of this theorem with relation to the Euclidean group E only. Then we introduce the concept of imprimitivity system and the theorem for this specific case [7, 9] .
holds for all (a, R) ∈ E. Mackey's theorem of imprimitivity for E. If a PV measure E : B(R 3 ) → Π (H) is an imprimitivity system for a continuous σ -representation g → U g of the Euclidean group E, then a σ -representation L : SO(3) → U (H 0 ) exists such that, modulo a unitary isomorphism, 
(b) Basic concepts
In this subsection, we formulate a concept of quantum transformation, which is also viable for space-time transformations that are not symmetry transformations.
For the sake of synthesis, in the following by Υ we denote the group G of Galileian transformations without time translations and space-time inversions, or the group P of Poincaré's transformations without space-time inversions; therefore, whatever holds for Υ must hold for G and P. In the present work, group Υ is interpreted as a group of changes of reference frame in a class F of frames which move uniformly with respect to each other. So, given any reference frame Σ in F , a transformation g ∈ Υ univocally singles out the reference frame Σ g related to Σ by g.
Let us consider the Quantum Theory of a localizable particle, that is to say of a physical system which can be localized in a point of physical space, so that its Quantum Theory contains a unique triple (Q 1 , Q 2 , Q 3 ) ≡ Q of commuting self-adjoint operators representing the three coordinates of the position. Now, the point of space, where the particle is localized by a measurement of the position observables, is identified only if the frame the values of the coordinates refer to is specified. For instance, if (Q 1 , Q 2 , Q 3 ) ≡ Q are the three self-adjoint operators which represent the three coordinates of the position with respect to Σ and if g ∈ E, then the α-th coordinate of the position with respect to another frame Σ g , related to Σ by g, must be represented by [g(Q)] α , where g(x) = (y 1 , y 2 , y 3 ) is the triple of the coordinates, with respect to Σ g , of the spatial point represented by x with respect to Σ. In the non-relativistic case, a pure Galileian boost g ∈ G characterized by a velocity u = (u, 0, 0), does not change the instantaneous position at all; hence g(x) = x and S Σ g [Q] = g(Q) = Q, so that the operators which represent the coordinates of the 'position with respect to Σ g ' coincide with the operators representing the position coordinates with respect to Σ. In order to transform the position quantum observables at time t, i.e. the operators Q (t) = e iHt Q (t) e −iHt , by a Galileian boost g, a function g t other than g must be used.
Indeed, Q (t) represents the position measured with a delay t, therefore the operators which represent the 'position at time t with respect to
where
In general, we can state that for every g ∈ G the following covariance relations hold for all g ∈ G,
where g t is a function, in general different from g. In fact, relations (2.2) are the conditions which define the position operators of a localizable particle. We cannot exclude a priori that observables other than position change their representation according to the frame they are referred to; so, in order that the Quantum Theory of our particle can account for such a possibility, it must extend transformations S Σ g to all quantum observables. To this end, given two reference frames Σ 1 and Σ 2 in F , we introduce the following concept of relative indistinguishability between measuring procedures.
(Ind) Let M 1 and M 2 be two measuring procedures. If M 1 with respect to Σ 1 is identical to M 2 with respect to Σ 2 , then we shall say that M 1 and M 2 are indistinguishable with relation to (Σ 1 , Σ 2 ).
Then, for every g ∈ Υ and every Σ in F , we introduce the mapping
with the following conceptually explicit interpretation.
( 
For instance, if
is the operator that represents an identical detector placed in the origin of Σ g with that orientation relative to Σ g . It must be noted that (QT) presupposes that for each quantum observable A ∈ Ω(H) and every g ∈ Υ , two measuring procedures with the required indistinguishability exist, at least in principle.
We call S Σ g the quantum transformation corresponding to g. Relations (2.2) explicitly specify the action of the transformations S Σ g on the position operators Q (t) ; for an arbitrary observable no such kind of explicit specification can be established a priori.
However, the authentic meaning (QT) of the notion of quantum transformation is sufficient to infer, at a conceptual level, the following general constraint.
(S.1) For every frame Σ in F the following statement holds.
This general statement stresses how, without further conditions, the mapping S Σ g , with g fixed, can change by changing the 'starting' frame Σ.
(c) Symmetry transformations
Let us now briefly outline the particularly important implications of the existence of conditions of symmetry. A transformation h ∈ Υ is a symmetry transformation for the physical system under investigation if a class F exists such that for every frame Σ in F , the frames Σ and Σ h are equivalent for the formulation of the empirical theory of the system; for an isolated system, all g ∈ Υ are symmetry transformations.
The symmetry property allows us to apply Wigner's theorem, and in doing so the following implication is obtained [5, 6, 25, 26] .
SYM.1. If g ∈ Υ is a symmetry transformation then a unitary or an anti-unitary operator U Σ
g , unique modulo a phase factor, exists such that
Moreover, according to the Principle of Relativity, for an isolated system all g ∈ Υ are symmetry transformations. Therefore, a class F exists such that the following statement holds.
SYM.2. In the Quantum Theory of an isolated system, for each g ∈ Υ the quantum transformation S
(2.6) Therefore, U gh = σ (g, h)U g U h holds, which implies that each U g is unitary [9, 25] ; in particular,
g is a projective representation [8, 9, 27] . A free localizable particle is just a particular kind of isolated system, so that according to SYM.2 for every g ∈ Υ a unitary operator U g exists such that
g . The restriction of g → U g to the Euclidean group E is a projective representation of E [9] . Thus, from (2.2) and SYM.1, the relation U g QU −1 g = g(Q) holds; this implies that the common spectral PV spectral measure of Q = (Q 1 , Q 2 , Q 3 ) is an imprimitivity system for U | E [9] ; we can apply therefore Mackey's imprimitivity theorem. In so doing, to each choice of the representation L : SO(3) → U (H 0 ) in Mackey's theorem there corresponds a different theory. Accordingly, the Hilbert space of the theory can be identified as L 2 (R 3 , H 0 ) and the position operators are (Q α ψ)(x) = x α ψ(x). Furthermore, in a non-relativistic theory, by making use of Galileian invariance, valid for a free particle, it can be proved [9, 28] that the form of the Hamiltonian operator must be H = −(1/2μ) as an irreducible σ -representation of SO(3) of dimension 2s + 1 (s ∈ 1 2 N), the Standard Quantum Theory of a spin-s free particle is obtained.
(d) The interacting particle
If the system under investigation is not isolated, e.g. if it is an interacting particle, then neither SYM.1 nor SYM.2 apply, so that we find an obstacle in extending the group theoretical approach to the non-relativistic interacting particle. However, in the literature several proposals can be found [9, 19, 22, 23] where the group theoretical methods are extended to the interacting case. Each proposal overcomes the aforesaid obstacles by introducing particular assumptions which we can reformulate in the following statement.
PROJ. Each Galileian transformation g is represented in the formalism of the Quantum Theory by a unitary operator U g in such a way that
g is the quantum transformation of the 'position at time t' observables corresponding to g; (ii) the correspondence g → U g is a continuous projective representation.
Statement PROJ is introduced as an assumption in [9, p. 201] ; the conditions assumed by Jauch in [22, p. 236 ] are implied by PROJ; Ekstein, instead, essentially derives it from another assumption, namely from the 'empirical statement that it is possible to give an operational definition of any initial state intrinsically', i.e. independently of the presence or absence of the interaction [19, p. 1401] .
By making use of PROJ, some of the cited approaches [9, 22] deduce that, in the non-relativistic Quantum Theory of a spin-0 particle, undergoing an interaction homogeneous in time, the Hamiltonian operator H must have the form below, and hence it can describe interactions with electromagnetic fields [9, 22] .
On the other hand, we shall prove the following statement.
STAT. Assumption PROJ implies that the Hamiltonian of the Quantum Theory of a spin-0 particle undergoing an interaction homogeneous in time must have the form
To prove the sentence STAT we shall make use of the following results.
MP.1.
The general evolution law of quantum observables with respect to a homogeneous time can be obtained [25] as implication of Wigner's theorem: a self-adjoint operator H exists, called the Hamiltonian operator, such that
MP.2.
Let g →Û g be every continuous non-trivial projective representation of Galilei group G, i.e. the group generated by the Euclidean group E and by Galileian velocity boosts. Now, the nine one-parameter Abelian subgroups T α , R α , B α of spatial translations, spatial rotations and Galileian velocity boosts, relative to axis x α , are all additive; then, from Stone's theorem [25] , there exist nine self-adjoint generatorsP α ,Ĵ α ,Ĝ α of the nine one-parameter unitary subgroups {e −iP α a α , a ∈ R}, {e −iĴ α θ α , θ α ∈ R}, {e iĜ α u α , u α ∈ R} that represent the subgroups T α , R α , B α according to the projective representation g →Û g of Galilei group G. The structural properties of G as a Lie group imply the following commutation relations [29] .
whereˆ α,β,γ is the Levi-Civita symbol α,β,γ restricted by the condition α = γ = β, and μ is a non-zero real number which characterizes the projective representation.
Proof of STAT. Now we explicitly prove STAT. Since g → U g in PROJ is a projective representation, according to (MP.2) the subgroups T α , R α , B α can be represented by the oneparameter unitary subgroups {e −iP α a } a∈R , {e −iJ α θ } θ∈R , {e iG α u } u∈R , in such a way that the selfadjoint generators P α , J α , G α satisfy (2.9). Once the self-adjoint operators F α = G α /μ are defined, it can be shown that relations (2.9) imply that the following relation holds for all g ∈ G.
(2.10)
Since by (2.9(v)) the F α 's commute with each other, according to spectral theory, a unique PV measure E :
. Then (2.10) implies that → E( ) satisfies (2.1) and hence it is an imprimitivity system for the restriction to E of g → U g ; therefore, Mackey's theorem applies. Thus, the simplest choice for H 0 , i.e. H 0 = C, leads to identify H, F α , P α and U g for g ∈ E as Proof. If g ∈ T β and PROJ holds, so that by (MP.2)
, and hence F α − Q α = c α 1 ≡const. must hold for the irreducibility of (F, P). Finally, PROJ.i together with (2.9(iv)) and (2. 
where o(u) is an infinitesimal operator of order greater than 1 with respect to u. By making use oḟ 
The comparison between (2.12) and (2.13), and proposition 2.3 yields
This argument can be repeated with U g = e −iP α a instead of e iG α u , and also with U g = e −iJ α θ instead of e iG α u . In doing so we obtain, respectively, [P α , μQ β − P β ] = O and [J α , μQ β ] = iˆ α,β,γ μQ γ ; the first of these two equations, together with (2.14), imply μQ β − P β = b β 1; then, by making use of the second equation, we obtain iˆ αβγ At this point the determination of H is straightforward. From (2.9(vi)), we obtain
So the completeness of Q implies that the operator H − (1/2μ) γ P 2 γ is a function Φ of Q. Thus,
Thus, assumption PROJ excludes the description of electromagnetic interactions, because their physics is correctly described by the Hamiltonian in (2.7), inequivalent to (2.16).
Quantum Theory of an interacting particle
In line with the conclusion of the previous section, to develop a Quantum Theory of a particle able to describe also electromagnetic interactions, assumption PROJ must be abandoned. In this section, we undertake this task, under the hypothesis that the interaction does not destroy time homogeneity, so that according to (MP.1) Hamiltonian operator H exists such that (2.8) holds. We begin by identifying two further properties (S.2) and (S.3) of quantum transformations, which add to the general property (S.1) already established.
(S.2) For every g ∈ Υ , the mapping S Σ g is bijective. (S.3) For every real Borel function f such that if A is a self-adjoint operator, then B = f (A) is a self-adjoint operator too, the following equality holds:
In fact, these further properties are implied by the authentic meaning of quantum transformation expressed by (QT). For instance, with regard to (S.3), one can argue as follows. Let f be any fixed real Borel function such that if A is a self-adjoint operator, then B = f (A) is a self-adjoint operator too. Now, according to Quantum Theory a measurement of the quantum observable f (A) can be performed by measuring A and then transforming the obtained outcome a by the purely mathematical function f into the outcome b = f (a) of f (A). Let M 1 and M 2 be the procedures that measure A and S Σ g [A] . Since M 1 and M 2 are indistinguishable with relation to (Σ, Σ g ), transforming the outcomes of both procedures by means of the same function f should not affect the relative indistinguishability of the thus modified procedures. So we should conclude that (3.1) holds.
Hence, the concept (QT) entails the validity of (S.2) and (S.3); for the time being, however, we formulate them as conditions which characterize a class of interactions, for reasons we shall explain in remark 3.11.
In §3a and 3b, we show that the further properties (S.2), (S.3) imply that if the correspondence g → S Σ g is continuous according to the metric adopted by Bargmann [27] , then for every g ∈ Υ a unitary operator U g must exists such that
g .
This result addresses one of the difficulties encountered by the extension of the group theoretical approach to an interacting particle; but other obstacles remain. Indeed, in order to identify the mathematical formalism of the theory explicitly we should apply the imprimitivity theorem; but this is not possible because, while the mapping g → U g is continuous under a condition of continuity for g → S Σ g , it is not a projective representation, and such a condition is required by the imprimitivity theorem. To address this new obstacle we shall introduce in §3c, the notion of 'σ -conversion', which is a consistent mathematical process converting the mapping U : Υ → U (H), g → U g into a mappinĝ U : Υ →Û(H), g →Û g which is a projective representation.
The use of σ -conversions will allow us to proceed. In the non-relativistic case, where Υ = G, we prove that the position operators Q coincide with the multiplication operators endowed with the usual interpretation if and only if the interaction admits 'Q-covariant' σ -conversions, i.e. σ -conversions that leave unaltered the covariance properties of the position operators Q with respect to G. For Q-covariant σ -conversions, we derive a general dynamical equation (3.11), in §3d.
(a) General implications for quantum transformations
Conditions (S.2) and (S.3) are sufficient to show further properties of the mappings S Σ g , according to the following propositions 3.1 and 3.3. 
Proposition 3.1. Let S : Ω(H) → Ω(H) be a bijective mapping such that S[f (A)] = f (S[A]) for every Borel real function f such that f (A) ∈ Ω(H) if A ∈ Ω(H). Then the following statements hold. (i) If E ∈ Π (H) then S[E] ∈ Π [H], i.e. the mapping S is an extension of a bijection of Π (H]. (ii) If A, B ∈ Ω(H) and A + B ∈ Ω(H), then [A, B] = O implies S[A + B] = S[A] + S[B]. This partial additivity implies S[A] = O if and only if A = O. (iii) For all E, F ∈ Π (H), EF = O implies S[E + F] = S[E] + S[F] ∈ Π (H); as a consequence, E ≤ F if and only if S[E] ≤ S[F]. (iv) S[P] ∈ Π 1 (H) if and only if P ∈ Π 1 (H).

Proof. (i) If E ∈ Π (H) and f (λ) = λ 2 then f (E) = E holds; so S[f (E)] = f (S[E]) implies (S[E]) 2 ≡ f (S[E]) = S[E 2 ] ≡ S[E], i.e. S 2 [E] = S[E].
S[A + B] ≡ S[f (C)] = f (S[C]) = f a (S[C]) + f b (S[C]) = S[f a (C)] + S[f b (C)
] ≡ S[A] + S[B]. (iii) If EF = O, then [E, F] = O and (E + F) ∈ Π (H) hold. Statements (i) and (ii) imply S[E + F] = S[E] + S[F] ∈ Π (H]. (iv) If P ∈ Π 1 (H) then S[P] ∈ Π (H) by (i). If Q ∈ Π 1 (H) and Q ≤ S[P] then
(iii); but P is rank 1, therefore P 0 = P and Q = S[P].
Corollary 3.2. From proposition 3.1 immediately follows that the restriction of S to Π (H) is a bijection that also satisfies S[O] = O, S[1] = 1, E ≤ F iff S[E] ≤ S[F], S[E
Different equivalent formulations of Wigner's theorem [6, 30] have been demonstrated in the literature. The following version can be applied for the the mapping S of propostion 3.1.
Wigner's theorem. If S : Π (H) → Π (H) is an automorphism of Π (H), i.e. if it is a bijective mapping such that
E 1 ≤ E 2 ⇔ S[E 1 ] ≤ S[E 2 ] and S[E ⊥ ] = (S[E]) ⊥ , ∀E 1 , E 2 , E ∈ Π (H),
then either a unitary operator or an anti-unitary operator U of H exists such that S(E) = UEU * for all E ∈ Π (H), unique modulo a phase factor.
In virtue of corollary 3.2 and Wigner's theorem, the following proposition can be easily proved. each transformation g ∈ Υ is assigned a unitary or an anti unitary operator U g which realizes the corresponding quantum transformation as the automorphism
Proposition 3.3. If a mapping S satisfies the hypothesis of proposition 3.1, then a unitary or an antiunitary operator exists such that S[A] = UAU * for every A ∈ Ω(H); if another unitary or anti-unitary operator V satisfies S[A] = VAV
, even if g is not a symmetry transformation.
(b) Continuity and unitarity of g → U g
Given g ∈ Υ , the unitary or anti-unitary operator U g such that S Σ g [A] = U g AU * g can be chosen arbitrarily within an equivalence class U g of operators, all unitary or all anti-unitary, which differ from each other by a complex phase factor; this class U g is called operator ray [27] ; from Wigner's theorem, there is a bijective correspondence between operator rays and automorphisms of Π (H). The possibility that the choice of U g within U g makes the correspondence g → U g continuous has a decisive role in developing the Quantum Theory of a physical system; for instance, for the nonrelativistic Quantum Theory of a free particle, it makes possible to apply Stone's theorem, and as a consequence the one-parameter subgroups T α , R α , B α can be represented as e −iP α a , e −iJ α θ , e iG α u , respectively. According to results from Bargmann [27] , a choice of U g in U g leading to a continuous correspondence g → U g exists if the mapping g → S Σ g is continuous, where S Σ g : Π (H) → Π (H) is the restriction to Π (H) of the quantum transformation corresponding to g. However, in his proof Bargmann required all operators U g to be unitary. Now we see how Bargmann's result also holds if such a restriction is removed.
The continuity notion of Bargmann 1 for g → S Σ g is based on the following metric of Π 1 (H).
Definition 3.4. Given two rank 1 projection operators
Then, following Bargmann, the continuity of a mapping from a topological group G to the automorphisms of Π (H), is defined as follows. Before proving the main result proposition 3.9, we formulate three lemmas. The first, lemma 3.6, was proved by Bargmann as lemma 1.1 in [27] . 
Lemma 3.6. The real function
κ : Π 1 (H) × Π 1 (H) → R, κ(D 1 , D 2 ) = Tr(D 1 D 2 ) is
Lemma 3.7. Given a topological group G and a mapping g → S g from G to the automorphisms of Π (H),
for every g ∈ G let U g denote the operator ray identified by S g ; for every ϕ ∈ H with ϕ = 1, let us define
where D ϕ = |ϕ ϕ| ∈ Π 1 (H).
Proof. The proof is identical to the proof of statement (1.9) in theorem 1.1 of [27] ; indeed that proof can be successfully demonstrated independently of the unitary or anti-unitary character of U g or U h . 
Lemma 3.8. Let G be a topological group, let g → S g be a continuous mapping from G to the automorphisms of Π (H), and let us fix an operator
If U g ϕ 0 is continuous in g as a function from G to H for a vector ϕ 0 ∈ H with ϕ 0 = 1, then U g ϕ 1 is continuous in g for every fixed ϕ 1 ∈ H with ϕ 1 = 1, such that ϕ 1 ⊥ ϕ 0 .
Proof. We prove the lemma by adapting a part of the proof of theorem 1.1 in [27] . Let us define
Now,
where we made use of (3.2) in the second inequality, in the third inequality we use the Schwarz inequality, and in the fourth inequality lemma 3.7 is applied. These inequalities imply that U g ϕ is continuous in g; indeed, the distance
is continuous according to definition 3.5 from the first continuity hypothesis; but also U g ϕ 0 − U h ϕ 0 vanishes as g → h, because U g ϕ 0 is continuous in g by the second continuity hypothesis. Now,
for all g such that U g is unitary, but also for all g such that U g is anti-unitary. Thus U g ϕ 1 is continuous because U g ϕ and U g ϕ 1 are continuous.
Let us arbitrarily fix a vector ϕ 0 ∈ H, with ϕ 0 = 1. Given any mapping g → S g from a topological group G to the automorphisms of Π (H), we define the real function ρ ϕ 0 :
Proposition 3.9. Let G be a topological group, and let ϕ 0 be any fixed vector in H with ϕ 0 = 1. Given a continuous mapping g → S g from G to the automorphisms of Π (H), if each g ∈ G is assigned the operator U g ∈ U g such that (3.3) holds, then U g ψ is continuous in g, whatever the vector ψ ∈ H.
Proof. Bargmann showed that if g → S g is continuous according to definition 3.5 and if U g is the operator such that (3.3) holds, then U g ϕ 0 is continuous. 2 Now, let ψ be any vector of H.
If ψ = 0, then the continuity of U g ψ is obvious. It is sufficient, therefore, to prove the proposition for ψ = 0.
If ψ = λϕ 0 for λ ∈ C \ {0}, then we can choose any ϕ 1 ⊥ ϕ 0 , with ϕ 1 = 1. According to lemma 3.8, U g ϕ 1 is continuous. The same lemma implies that U g (ψ/ ψ|) is continuous because
Therefore, U g ψ is continuous. 
Now, a real number r and a vector ϕ 2 , with ϕ 2 = 1 exist such that aϕ 0 = rϕ 2 ; this implies ϕ 2 ⊥ ϕ 1 and ϕ = rϕ 2 + bϕ 1 . Lemma 3.8 implies that U g ϕ 1 is continuous because ϕ 1 ⊥ ϕ 0 ; but the same lemma implies that U g ϕ 2 is continuous too, because ϕ 2 ⊥ ϕ 1 . Therefore, since r and b are real numbers, U g ϕ = rU g ϕ 2 + bU g ϕ 1 is continuous in g. Thus, U g ψ = ψ U g ϕ is continuous too.
Another condition with useful implications is the unitary character of the operators U g that realize the quantum transformations according to
would be a projective representation, then it can be easily proved, from [7, 9, 25, 27] , that every U g must be unitary. But in the presence of interaction S
g , so that only the more general statement (S.1) holds, and hence the unitary character of U g cannot be implied from the cited proofs. Now we shall show that anti-unitary U g can be excluded under the only hypothesis that the correspondence g → S Σ g is continuous according to definition 3.5.
Proposition 3.10. If the mapping g → S Σ
g , that assigns each g ∈ Υ the quantum transformation of (2.3), is continuous according to definition 3.5, then every operator
Proof. According to proposition 3.9, for every g ∈ Υ a unitary or anti-unitary operator such that S Σ g [A] = U g AU * g exists which makes U g ψ continuous in g for all ψ. According to (3.3) U e = 1 which is unitary. Hence, because of the continuity of g → U g ψ for all ψ, a maximalneighbourhood K e of e must exist in Υ such that U g is unitary for all g ∈ K e ; otherwise, a sequence g n → e would exist with U g n anti-unitary, so that ψ | ϕ = U g n ϕ | U g n ψ for all ψ, ϕ ∈ H, and then ψ | ϕ = lim n→∞ U g n ϕ | U g n ψ = U e ϕ | U e ψ = ϕ | ψ . This last equality cannot hold for all ψ, ϕ ∈ H unless H is real. Now we prove that neighbourhood K e has no boundary, and since Υ is a connected group, K e = Υ . If g 0 ∈ ∂K e , two sequences g n → g 0 and h n → g 0 would exist with U g n unitary and U h n antiunitary; therefore, the continuity of U g would imply that U g 0 should simultaneously be unitary and anti-unitary.
Remark 3.11. The work of this subsection has shown that (S.2) and (S.3) imply that S
g is continuous; as a consequence, the spectrum of any quantum observable is left unchanged by S Σ g . Now, for every translation x → x − a we have
As a consequence the spectrum of Q must be the whole R 3 because of the invariance of the spectrum. Hence the notion (QT) of quantum transformation satisfying (S.1)-(S.3) is inconsistent with some non-trivial topologies of the configurations manifold of the particle investigated in [4] and references therein. From another stand point, an interaction that spatially confines is inconsistent with (QT). Thus, for the time being we establish (S.1)-(S.3) as conditions which characterize the class of interactions investigated in this work. In the following, we shall see that such a class is large, enough, in particular, to encompass electromagnetic interaction.
(c) σ -Conversions
In §3b, we established, under a continuity condition for g → S Σ g , that in the Quantum Theory of a physical system, even if it is not isolated, a continuous correspondence U :
g . To assume that such a correspondence is a projective representation implies PROJ; therefore, according to §2d, the resulting theory is unable to describe particles interacting with electromagnetic fields. So, we must relinquish this condition in order to develop an empirically more adequate Quantum Theory of an interacting particle. But without such a 'projectivity' Mackey's imprimitivity theorem does not apply. Hence, the development of our group-theoretical approach encounters a further obstacle. We shall now address this obstacle. The correspondence g → U g , can be converted into a continuous σ -representation if we multiply each operator U g by a suitable unitary operator V g of H; namely, V g is a unitary operator such that the correspondence g →Û g = V g U g turns out to be a σ -representation. The transition from the correspondence {g → U g } to {g →Û g = V g U g } will be called σ -conversion; the mapping V : Υ → U (H), g → V g that realizes the σ -conversion will be called σ -conversion mapping. If g → V g is a σ -conversion mapping for g → U g and θ : Υ → R is a real function, then also g → e iθ(g) V g is a σ -conversion mapping, provided that e iθ(e) = 1. In any case, V e = 1 must hold.
Since non-trivial projective representations of Υ exist, we can state the following proposition. The σ -conversion allows us to immediately identify a mathematical formalism for the Quantum Theory of the system, also in the case where the system is not isolated. In the case of a non-relativistic theory, where Υ = G, if g → V g is a σ -conversion mapping for U g then, according to (MP.2) in §2d, the σ -representation g →Û g = V g U g has nine Hermitian generatorsP α ,Ĵ α ,Ĝ α for which (2.9) hold. Then, following the argument of the proof of STAT in §2d, the common spectral measure of the triple F =Ĝ/μ turns out to be an imprimitivity system for the restriction of g →Û g to E. So, by applying Mackey's imprimitivity theorem [9] , we can explicitly identify H as L 2 (R 3 , H 0 ), modulo unitary isomorphisms, where the operators F α ,P α ,Ĵ α andĜ α are explicitly specified according to
Here (α, β, γ ) is a cyclic permutation of ( Hence, the mathematical formalism of the Quantum Theory of a localizable particle has been explicitly identified. However, the operatorsÛ g concretely identified are not the unitary operators which realize the quantum transformations:
does not hold. As a consequence the operators Q = (Q 1 , Q 2 , Q 3 ) representing the position cannot be identified as illustrated in §2c or the argument of the proof of proposition 2.3. So, our explicit realization of the mathematical formalism of the theory would, in general, be devoid of physical significance. Two tasks have to be accomplished for the formalism established by (3.5) to become the mathematical formalism of the effective Quantum Theory of an interacting particle.
First, the operators Q of the Hilbert space H = L 2 (R 3 , H 0 ) in (3.5), which represent the position of the particle, should be explicitly determined. We shall address this task in §3d.
Second, the wave equation ruling over the time evolution should be determined. In §3d, we derive a general dynamical law. Specific wave equations corresponding to specific features of the interaction are determined in §4. A σ -conversion satisfying (3.6) is said to be Q-covariant. Indeed, the following proposition holds.
Proposition 3.13. If a σ -conversion for a particle yields an irreducible projective representationÛ, then it is a Q-covariant σ -conversion if and only if the position operators Q coincide with F.
Proof. If Q = F =Ĝ/μ, then (2.9) and (3.6) implyÛ g QÛ
Conversely, ifÛ : G → U (H) is an irreducible projective representation obtained from U :
, where f α (x) is a self-adjoint operator of H 0 . However, the Q-covariance and (2.9(vi)) also imply
[f α (Q),P β ] = 0 for all x; this relation, sinceP = −i(∂/∂x α ), implies that (∂f α /∂x α )(x) = 0, for all α, β; therefore f α (x) is an operator f α of H 0 which does not depend on x. Now, sincef α = Q α − F α , also [f α ,f β ] = 0 holds; moreover, from (2.2(i)) for a pure spatial rotation g about x α and from (2.9(iv)) we obtain [Ĵ α , Q β − F β ] = iˆ αβγ (Q γ − F γ ) = iˆ αβγfγ ; but the irreducibility ofÛ implies the irreducibility of the inducing projective representation L :
Hence, in the Quantum Theory of an interacting particle, whereÛ is irreducible, the multiplication operators can be identified with the position operators if and only if the interaction has the particular regularity feature of admitting a σ -conversion which preserves the covariance properties of the position operators.
Extending a standard practice we say that a particle, whose interaction admits Q-covariant σ -conversion, is elementary ifÛ is irreducible.
The following proposition specifies how in the Quantum Theory of an elementary particle eacĥ U g is related to the unitary operator U g that realizes the quantum transformation corresponding to g. Proposition 3.14. For every g ∈ G, the operator V g of a Q-covariant σ -conversion has the form (V g ψ)(x) = (e iθ(g,Q) ψ)(x) = e iθ(g,x) ψ(x), where θ (g, x) is a self-adjoint operator of H 0 which depends on x and on g.
Proof. Relations (3.6) and (2.2) imply V g U g QU
is an operator of H 0 . Finally, the unitary character of V g imposes that h g (x) must be unitary as an operator of H 0 ; thus a self-adjoint operator θ (g, x) of H 0 exists such that h g (x) = e iθ(g,x) .
If g → S Σ
g is continuous according to definition 3.5, then g → V g must be continuous because
Remark 3.15. In the present approach the imprimitivity system for applying Mackey's theorem is identified within the abstract projective representation itself, namely it is the PV spectral measure ofĜ/μ. This is remarkably different from previous approaches, e.g. Mackey's, where the imprimitivity system is identified as the PV measure of the position operators.
(e) General dynamical law
We now derive a general dynamical equation governing the time evolution of an elementary particle, under the condition that the σ -conversion mapping g → V g is differentiable with respect to the parameters a α , θ α , u α of the group G.
Let us consider the pure velocity boost g ∈ G such thatÛ g = e iĜ α u . According to §3c, the formalism of its Quantum Theory can be identified with that established by (3. This is a general dynamical equation for a localizable particle whose interaction admits Qcovariant σ -conversions; according to this law, the effects of the interaction on the dynamics are encoded in the six 'fields' η α , f α .
(f) Electromagnetic interaction for spin-0 particles
Once the general dynamical law (3.11) for an elementary particle with homogeneous in time interaction has been derived, it is worth reviewing the wave equation currently adopted in quantum physics as a particular case of the general equation (3.11) . In this subsection we do this for a spin-0 particle, for which H 0 = C so that H = L 2 (R 3 ). The currently adopted Schroedinger equation for a spin-0 particle, obtained via the minimal electromagnetic coupling or canonical quantization, has the form
i.e. the Hamiltonian operator is H = (1/2μ) 3 α=1 {P α + a α (Q)} 2 + Φ(Q), where a α (Q) and Φ(Q) are self-adjoint operators of L 2 (R 3 ) functions of Q. Now we show that within our approach this specific Quantum Theory bi-univocally corresponds to the case where the functions η α in the general law (3.11) are constant functions multiple of 1. We shall now prove the converse. Let us suppose that H = (1/2μ) In the final member of these equalities, the fourth, the eighth and the last term are zero. is a constant function. By using this result in the equality between the second and the final members of (3.13) we obtain a α = −f α .
